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A SCHREIER DOMAIN TYPE CONDITION II
ZAHEER AHMAD, TIBERIU DUMITRESCU AND MIHAI EPURE
Abstract. For an integral domain D and a star operation ∗ on D, we study
the following condition: whenever I ⊇ AB with I, A, B nonzero ideals, there
exist nonzero ideals H and J such that I∗ = (HJ)∗, H∗ ⊇ A and J∗ ⊇ B.
1. Introduction.
In [15], Cohn introduced the notion of Schreier domain. A domain D is said to
be a Schreier domain if (1) D is integrally closed and (2) whenever I, J1, J2 are
principal ideals of D and I ⊇ J1J2, then I = I1I2 for some principal ideals I1, I2
of D with Ii ⊇ Ji for i = 1, 2. The study of Schreier domains was continued in [31]
and [33]. In [33], a domain was called a pre-Schreier domain if it satisfies condition
(2) above. Subsequently, extensions of the “(pre)-Schreier domain” concept were
studied in [18], [7], [17], [1] and [2].
In [2], we studied a class of domains that satisfies a Schreier-like condition for all
ideals. More precisely, a domain D was called a sharp domain if whenever I ⊇ AB
with I, A, B nonzero ideals of D, there exist ideals A′ ⊇ A and B′ ⊇ B such
that I = A′B′. We recall several results from [2]. If the domain D is Noetherian
or Krull, then D is sharp if and only if D is a Dedekind domain [2, Corollaries
2 and 12]. A sharp domain is pseudo-Dedekind; in particular, a sharp domain is
a completely integrally closed GGCD domain [2, Proposition 4]. Recall (cf. [32]
and [8]) that a domain D is called a pseudo-Dedekind domain (the name used in
[32] was generalized Dedekind domain) if the v-closure of each nonzero ideal of D is
invertible. Also, recall from [4] that a domainD is called a generalized GCD domain
(GGCD domain) if the v-closure of each nonzero finitely generated ideal of D is
invertible. The definition of the v-closure is recalled below. A valuation domain
is sharp if and only if the value group of D is a complete subgroup of the reals
[2, Proposition 6]. The localizations of a sharp domain at the maximal ideals are
valuation domains with value group a complete subgroup of the reals; in particular,
a sharp domain is a Pru¨fer domain of dimension at most one [2, Theorem 11]. The
converse is true for the domains of finite character [2, Theorem 15], but not true in
general [2, Example 13] (recall that a domain of finite character is a domain whose
nonzero elements are contained in only finitely many maximal ideals). A countable
sharp domain is a Dedekind domain [2, Corollary 17].
The purpose of this paper is to study the “sharp domain” concept in the star
operation setting. To facilitate the reading of the paper, we first review some basic
facts about ∗-operations. Let D be a domain with quotient field K and let F (D)
denote the set of nonzero fractional ideals ofD. A function A 7→ A∗ : F (D)→ F (D)
2000 Mathematics Subject Classification: Primary 13A15, Secondary 13F05.
Key words and phrases: Schreier domain, Star operation, Pru¨fer domain.
1
2 ZAHEER AHMAD, TIBERIU DUMITRESCU AND MIHAI EPURE
is called a star operation on D if ∗ satisfies the following three conditions for all
0 6= a ∈ K and all I, J ∈ F (D):
(1) D∗ = D and (aI)∗ = aI∗,
(2) I ⊆ I∗ and if I ⊆ J , then I∗ ⊆ J∗,
(3) (I∗)∗ = I∗.
An ideal I ∈ F (D) is called a ∗-ideal if I = I∗. For all I, J ∈ F (D), we have
(IJ)∗ = (I∗J)∗ = (I∗J∗)∗. These equations define the so-called ∗-multiplication.
If {Iα} is a subset of F (D) such that ∩Iα 6= 0, then ∩I∗α is a ∗-ideal. Also, if {Iα}
is a subset of F (D) such that
∑
Iα is a fractional ideal, then (
∑
Iα)
∗ = (
∑
I∗α)
∗.
The star operation ∗ is said to be stable if (I ∩J)∗ = I∗ ∩J∗ for all I, J ∈ F (D). If
∗ is a star operation, the function ∗f : F (D)→ F (D) given by I∗f = ∪HH∗, where
H ranges over all nonzero finitely generated subideals of I, is also a star operation.
The star operation ∗ is said to be of finite character if ∗ = ∗f . Clearly (∗f )f = ∗f .
Denote by Max∗(D) the set of maximal ∗-ideals, that is, ideals maximal among
proper integral ∗-ideals of D. Every maximal ∗-ideal is a prime ideal. The ∗-
dimension of D is sup{n | 0 ⊂ P1 ⊂ · · · ⊂ Pn, Pi prime ∗-ideal of D}. Assume that
∗ is a star operation of finite character. Then every proper ∗-ideal is contained in
some maximal ∗-ideal, and the map I 7→ I ∗˜ = ∩P∈Max∗(D)IDP for all I ∈ F (D)
is a stable star operation of finite character, cf. [6, Theorems 2.4, 2.5 and 2.9].
Moreover, ∗ is stable if and only if ∗ = ∗˜, cf. [3, Corollary 4.2]. A ∗-ideal I is of
finite type if I = (a1, ..., an)
∗ for some a1, ..., an ∈ I. A Mori domain is a domain
whose t-ideals are of finite type (see [13]). By [27], an integral domain is said to be
a TV domain if every t-ideal is a v-ideal. A Mori domain is a TV domain.
A fractional ideal I ∈ F (D) is said to be ∗-invertible if (II−1)∗ = D, where
I−1 = (D : I) = {x ∈ K | xI ⊆ D}. If ∗ is of finite character, then I is ∗-
invertible if and only if II−1 is not contained in any maximal ∗-ideal of D; in
this case I∗ = (a1, ..., an)
∗ for some a1, ..., an ∈ I. Let ∗1, ∗2 be star operations
on D. We write ∗1 ≤ ∗2, if I∗1 ⊆ I∗2 for all I ∈ F (D). In this case we get
(I∗1)∗2 = I∗2 = (I∗2)∗1 and every ∗1-invertible ideal is ∗2-invertible. Some well-
known star operations are: the d-operation (given by I 7→ I), the v-operation (given
by I 7→ Iv = (I−1)−1) and the t-operation (defined by t = vf ). The w-operation
is the star operation given by I 7→ Iw = {x ∈ K | xH ⊆ I for some finitely gen-
erated ideal H of D with H−1 = D}. The w-operation is a stable star operation
of finite character. For an integrally closed domain D, the b-operation on D is the
star operation defined by I 7→ Ib = ∩V IV where V runs in the set of all valuation
overrings of D (see [24, Page 398]). For every I ∈ F (D), we have I ⊆ Iw ⊆ It ⊆ Iv.
It is known that Maxw(D) = Maxt(D), cf. [6, Corollaries 2.13 and 2.17] and
Iw = ∩M∈Maxt(D)IDM , cf. [6, Corollary 2.10]. Consequently, a nonzero fractional
ideal is w-invertible if and only if it is t-invertible. Recall [21] that an integral do-
main D is said to be ∗-Dedekind if every nonzero fractional ideal of D is ∗-invertible.
A domain D is called a Prufer ∗-multiplication domain (P∗MD) if every nonzero
finitely generated ideal of D is ∗f -invertible (see [22]). For the general theory of
star operations we refer the reader to [24, Sections 32 and 34].
We introduce the key concept of this paper.
Definition 1.1. Let ∗ be a star operation on D. We say that a domain D is a
∗-sharp domain if whenever I, A, B are nonzero ideals of D with I ⊇ AB, there
exist nonzero ideals H and J such that I∗ = (HJ)∗, H∗ ⊇ A and J∗ ⊇ B.
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The d-sharp domains are just the sharp domains studied in [2]. If ∗1 ≤ ∗2 are star
operations and D is ∗1-sharp, then D is ∗2-sharp (Proposition 2.2). In particular, if
∗ is a star operation, then every sharp domain is ∗-sharp and every ∗-sharp domain
is v-sharp. A t-sharp domain is v-sharp but the converse is not true in general
(Remark 2.8).
In Section 2, we study the ∗-sharp domains in general. In this new context, we
generalize most of the results obtained in [2]. For ∗ ∈ {d, b, w, t}, every fraction
ring of a ∗-sharp domain is ∗-sharp (Proposition 2.2). Every ∗-Dedekind domain
is ∗-sharp. In particular, every Krull domain is t-sharp (Proposition 2.4). Let D
be a domain and ∗ a finite character stable star operation such that D is ∗-sharp.
Then D is a P∗MD of ∗-dimension ≤ 1; moreover DM is a valuation domain with
value group a complete subgroup of the reals, for each M ∈Max∗(D) (Proposition
2.3). The converse is true for domains whose nonzero elements are contained in
only finitely many ∗-maximal ideals (Proposition 2.13). If ∗ is a star operation on
D such that D is a ∗-sharp domain, then Iv is ∗-invertible for each nonzero ideal I
(Proposition 2.5). If ∗ is a finite character stable star operation on D such that D is
a ∗-sharp TV domain, then D is ∗-Dedekind (Corollary 2.6). A domainD is v-sharp
if and only if D is completely integrally closed (Corollary 2.7). In particular, every
∗-sharp domain is completely integrally closed. If ∗ is a stable star operation on D
such that D is a ∗-sharp domain, then every finitely generated nonzero ideal of D is
∗-invertible (Proposition 2.11). If D is a countable domain and ∗ a finite character
stable star operation on D such that D is ∗-sharp, then D is a ∗-Dedekind domain
(Corollary 2.15).
In Section 3, we study the t-sharp domains. We obtain the following results.
Every t-sharp domain D is a PVMD with t-dimension ≤ 1 and DM is a valuation
domain with value group a complete subgroup of the reals, for each maximal t-
ideal M of D (Proposition 3.1). A domain is t-sharp if and only if it is w-sharp
(Proposition 3.2). A domain D is a Krull domain if and only if D is a t-sharp
TV domain (Corollary 3.3). If D is a countable t-sharp domain, then D is a Krull
domain (Corollary 3.4). A domain D is t-sharp if and only if D[X ] is t-sharp
(Proposition 3.7) if and only if D[X ]Nv is sharp (Proposition 3.9). Here Nv denotes
the multiplicative subset of D[X ] consisting of all f ∈ D[X ]−{0} with c(f)v = D,
where c(f) is the ideal generated by the coefficients of f . LetD be a t-sharp domain.
Then N ′v = {f ∈ D[[X ]] − {0} | c(f)v = D} is a multiplicative set, D[[X ]]N ′v is a
sharp domain and every ideal of D[[X ]]N ′v is extended from D (Proposition 3.11).
Moreover, D[[X ]]N ′v is a faithfully flat D[X ]Nv -module and there is a one-to-one
correspondence between the ideals of D[X ]Nv and the ideals of D[[X ]]N ′v (Corollary
3.12).
Throughout this paper all rings are (commutative unitary) integral domains.
Any unexplained material is standard, as in [24], [26].
2. ∗-sharp domains.
In this section we study the ∗-sharp domains for an arbitrary star operation ∗
(see Definition 1.1). We obtain ∗-operation analogues for most of the results in [2].
Proposition 2.1. Let D be a domain, S ⊆ D a multiplicative set and ∗ (resp. ♯)
star operations on D (resp. DS) such that I
∗ ⊆ (IDS)♯ for each nonzero ideal I of
D. If D is ∗-sharp, then the fraction ring DS is ♯-sharp.
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Proof. Note that the condition I∗ ⊆ (IDS)♯ in the hypothesis is equivalent to
(I∗DS)
♯ = (IDS)
♯. Let I, A,B be nonzero ideals of D such that IDS ⊇ ABDS .
Then C = IDS ∩ D ⊇ AB. As D is ∗-sharp, we have C∗ = (HJ)∗ with H, J
ideals of D such that H∗ ⊇ A and J∗ ⊇ B. Since (WDS)♯ = (W ∗DS)♯ for
every nonzero ideal W , we get (IDS)
♯ = (C∗DS)
♯ = ((HJ)∗DS)
♯ = (HJDS)
♯,
(HDS)
♯ = (H∗DS)
♯ ⊇ ADS and (JDS)♯ ⊇ BDS . 
Proposition 2.2. Let D be a domain, ∗1 ≤ ∗2 star operations and D and S ⊆ D
a multiplicative set.
(a) If D is ∗1-sharp, then D is ∗2-sharp.
(b) If ∗ ∈ {d, t, w, b} and D is ∗-sharp (with D integrally closed if ∗ = b), then
DS is ∗-sharp.
Proof. (a). Apply Proposition 2.1 for S = {1}, ∗ = ∗1 and ♯ = ∗2. (b). By
Proposition 2.1, it suffices to show that I∗ ⊆ (IDS)∗ for each nonzero ideal I of D.
This is clear for ∗ = d and true for ∗ = t, cf. [28, Lemma 3.4]. Assume that x ∈ Iw.
Then xH ⊆ I for some finitely generated nonzero ideal H of D such that Hv = D.
Hence (HDS)v = DS (cf. [28, Lemma 3.4]) and xHDS ⊆ IDS , thus x ∈ (IDS)w.
Assume that D integrally closed. If V is a valuation overring of DS , then V is an
overring of D, so Ib ⊆ IV . Thus Ib ⊆ (IDS)b. 
In [2, Theorem 11], it was shown that a sharp domain is a Prufer domain of
dimension at most 1. We extend this result.
Proposition 2.3. Let D be a domain and ∗ a finite character stable star operation
on D such that D is ∗-sharp. Then DM is a valuation domain with value group
a complete subgroup of the reals, for each M ∈ Max∗(D). In particular, D is a
P∗MD of ∗-dimension ≤ 1.
Proof. LetM be a maximal ∗-ideal. If I is a nonzero ideal ofD, then I∗DM = IDM ,
cf. [3, Corollary 4.2]. By Proposition 2.1, applied for S = D−M , ∗ = ∗ and ♯ = d,
we get that DM is a sharp domain. Apply [2, Theorem 11]. The “in particular”
assertion is clear. 
Proposition 2.4. Let D be a domain and ∗ a star operation on D. If D is ∗-
Dedekind, then D is ∗-sharp. In particular, every Krull domain is t-sharp.
Proof. Let I, A,B be nonzero ideals of D such that I ⊇ AB. Set H = I + A and
J = IH−1. Note that J ⊆ D and A ⊆ H . Since (HH−1)∗ = D, we get I∗ = (HJ)∗.
From BH = B(A + I) ⊆ I, we get B ⊆ (BHH−1)∗ ⊆ (IH−1)∗ = J∗. For the “in
particular statement”, recall that the t-Dedekind domains are the Krull domains,
cf. [29, Theorem 3.6]. 
Proposition 2.5. Let D be a domain and ∗ a star operation on D such that D is
∗-sharp. Then Iv is ∗-invertible for each nonzero ideal I.
Proof. Let I be a nonzero ideal of D and x ∈ I − {0}. Then I(xI−1) ⊆ xD.
Since D is ∗-sharp, there exist H, J ideals of D such that H∗ ⊇ I, J∗ ⊇ xI−1 and
xD = (HJ)∗. Hence H is ∗-invertible and we get H−1 = (x−1J)∗ ⊇ (xx−1I−1)∗ =
I−1, so Hv ⊆ Iv. The opposite inclusion follows from H∗ ⊇ I. Thus Iv = Hv is
∗-invertible, because H∗ = Hv since H is ∗-invertible. 
Next, we extend [2, Corollary 12] to the star operation setting.
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Corollary 2.6. Let D be a domain and ∗ a finite character stable star operation
on D such that D is ∗-sharp. If D is a TV domain (e.g. a Mori domain), then D
is ∗-Dedekind.
Proof. By Proposition 2.3, D is a P∗MD , so ∗ = t, cf. [22, Proposition 3.15]. As
D is a TV domain, we get ∗ = t = v. By Proposition 2.5, D is ∗-Dedekind. 
Corollary 2.7. A domain D is v-sharp if and only if D is completely integrally
closed. In particular, any ∗-sharp domain is completely integrally closed.
Proof. By Propositions 2.4 and 2.5 (for ∗ = v), D is v-sharp if and only if D is
v-Dedekind. By [24, Theorem 34.3] or [23, Proposition 3.4], a domain is v-Dedekind
if and only if it is completely integrally closed. For the “in particular” assertion,
apply Proposition 2.2 taking into account that ∗ ≤ v for each star operation ∗. 
Remark 2.8. (a) There exist a completely integrally closed domain A having some
fraction ring which is not completely integrally closed (for instance the ring of entire
functions, cf. [24, Exercises 16 and 21, page 147]). Thus the v-sharp property does
not localize, cf. Corollary 2.7. Note that A cannot be t-sharp because the t-sharp
property localizes, cf. Proposition 2.2. (b) Let D be a completely integrally closed
domain which is not a PVMD (such a domain is constructed in [16]). By Corollary
2.7 and Proposition 3.1, such a domain is v-sharp but not t-sharp. (c) Let D be a
Krul domain of dimension ≥ 2 (e.g. Z[X ]). By Proposition 2.4 and [2, Theorem
11], D is t-sharp but not sharp.
In the next lemma we recall two well-known facts.
Lemma 2.9. Let D be a domain, ∗ a star operation on D and I, J,H ∈ F (D).
(a) If (I + J)∗ = D, then (I ∩ J)∗ = (IJ)∗.
(b) If I is ∗-invertible, then (I(J ∩H))∗ = (IJ ∩ IH)∗.
Proof. (a) Clearly, (IJ)∗ ⊆ (I ∩ J)∗. Conversely, since (I + J)∗ = D, we have
(I ∩ J)∗ = ((I ∩ J)(I + J))∗ ⊆ (IJ)∗, thus (I ∩ J)∗ = (IJ)∗. (b) Clearly, (I(J ∩
H))∗ ⊆ (IJ ∩ IH)∗. Conversely, because I is ∗-invertible, we have (IJ ∩ IH)∗ =
(II−1(IJ ∩ IH))∗ ⊆ (I(I−1IJ ∩ I−1IH))∗ ⊆ (I(J ∩H))∗. 
The next result generalizes [2, Proposition 10].
Proposition 2.10. Let D be a domain and ∗ a stable star operation on D such
that D is ∗-sharp. If I, J are nonzero ideals of D such that (I + J)v = D, then
(Iv + Jv)
∗ = D.
Proof. Let K be the quotient field of D. Changing I by Iv and J by Jv, we may
assume that I, J are ∗-invertible v-ideals, cf. Proposition 2.5. Since (I+J)2 ⊆ I2+J
and D is ∗-sharp, there exist two nonzero ideals A, B such that (I2+ J)∗ = (AB)∗
and I+J ⊆ A∗∩B∗. We claim that (I2+J)∗ : I = (I+J)∗. To prove the claim, we
perform the following step-by-step computation. First, (I2+J)∗ : I = ((I2+J)∗ :K
I) ∩D = ((I2 + J)I−1)∗ ∩D = (I + JI−1)∗ ∩D because I is ∗-invertible. As ∗ is
stable, we get (I+JI−1)∗∩D = ((I+JI−1)∩D)∗ = (I+(JI−1∩D))∗ by modular
distributivity. Since I is ∗-invertible, we get (I+(JI−1∩D))∗ = (I+I−1(J∩I))∗, cf.
Lemma 2.9. Using the fact that I is ∗-invertible (hence v-invertible) and Lemma 2.9,
we derive that (I+I−1(J ∩I))∗ ⊆ (I+I−1(IJ)v)∗ ⊆ (I+(II−1J)v)∗ = (I+Jv)∗ =
(I + J)∗. Putting all these facts together, we get (I2 + J)∗ : I ⊆ (I + J)∗ and the
other inclusion is clear. So the claim is proved. From (I2 + J)∗ = (AB)∗, we get
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A∗ ⊆ (I2+ J)∗ : B∗ ⊆ (I2 + J)∗ : I = (I + J)∗, so A∗ = (I + J)∗. Similarly, we get
B∗ = (I+J)∗, hence (I2+J)∗ = ((I+J)2)∗. It follows that J∗ ⊆ (I2+J)∗ = ((I+
J)2)∗ ⊆ (J2+ I)∗. So J∗ = J∗∩ (J2+ I)∗ = (J ∩ (J2+ I))∗ = (J2+(J ∩I))∗ where
we have used the fact that ∗ is stable and the modular distributivity. By Lemma
2.9, we have I ∩J ⊆ (IJ)v, so we get J
∗ = (J2+(J ∩I))∗ ⊆ (J2+(IJ)v)
∗. Since J
is ∗-invertible, we have D = (JJ−1)∗ ⊆ ((J2+(IJ)v)J−1)∗ ⊆ (J + Iv)∗ = (J + I)∗.
Thus (I + J)∗ = D. 
Note that from Proposition 2.10 we can recover easily [2, Proposition 10]. Next,
we give another extension of [2, Theorem 11] (besides Proposition 2.3).
Proposition 2.11. Let D be a domain and ∗ a stable star operation on D such
that D is ∗-sharp. Then every finitely generated nonzero ideal of D is ∗-invertible.
Proof. Let x, y ∈ D − {0}. By Proposition 2.5, the ideal I = (xD + yD)v is ∗-
invertible (hence v-invertible), so (xI−1 + yI−1)v = D. By Proposition 2.10 we
get (xI−1 + yI−1)∗ = D, hence I = ((xI−1 + yI−1)I)∗ = (xD + yD)∗ because I
is ∗-invertible. Thus every two-generated nonzero ideal of D is ∗-invertible. Now
the proof of [24, Proposition 22.2] can be easily adapted to show that every finitely
generated nonzero ideal of D is ∗-invertible. 
Remark 2.12. Under the assumptions of Proposition 2.11, it does not follow that
D is a P∗MD. Indeed, let D be a completely integrally closed domain which is not
a PVMD (such a domain is constructed in [16]). The v-operation on D is stable
(cf. [5, Theorem 2.8]) and D is v-sharp (cf. Corollary 2.7).
Let D be a domain with quotient field K. According to [11], a family F of
nonzero prime ideals of D is called independent of finite character family (IFC
family), if (1) D = ∩P∈FDP , (2) every nonzero x ∈ D belongs to only finitely
many members of F and (3) every nonzero prime ideal of D is contained in at most
one member of F . The follwing result extends [2, Theorem 15].
Proposition 2.13. Let D be a domain and ∗ a finite character star operation on
D. Assume that
(a) every x ∈ D − {0} is contained in only finitely many maximal ∗-ideals, and
(b) for every M ∈ Max∗(D), DM is a valuation domain with value group a
complete subgroup of the reals.
Then D is a ∗˜-sharp domain and hence ∗-sharp.
Proof. By [25], D = ∩MDM where M runs in the set of maximal ∗-ideals. Since
each DM is a valuation domain with value group a complete subgroup of the reals,
every M has height one. It follows that Max∗(D) is an IFC family. Consider the
∗˜ operation, i.e. I 7→ I ∗˜ = ∩MIDM . We show that D is ∗˜-sharp. Let I, A,B
be nonzero ideals of D such that I ⊇ AB. Let P1,...,Pn the maximal ∗-ideals
of D containing AB. Since DPi is sharp, there exist Hi, Ji ideals of DPi such
that IDPi = HiJi, Hi ⊇ ADPi and Ji ⊇ BDPi for all i between 1 and n. Set
H ′i = Hi ∩ D, J
′
i = Ji ∩D, i = 1, ..., n, H = H
′
1 · · ·H
′
n and J = J
′
1 · · · J
′
n. By [11,
Lemma 2.3], Pi is the only element of Max∗(D) containing H
′
i (resp. J
′
i), thus it
can be checked that IDP = (HJ)DP , HDP ⊇ ADP and JDP ⊇ BDP for each
P ∈Max∗(D). So, we have I ∗˜ = (HJ)∗˜, H ∗˜ ⊇ A and J ∗˜ ⊇ B. Consequently, D is
∗˜-sharp. By Proposition 2.2, D is ∗-sharp because ∗˜ ≤ ∗, cf. [6, Theorem 2.4]. 
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Proposition 2.14. Let D be a contable domain and ∗ a finite character star oper-
ation on D such that D is a P∗MD and Iv is ∗-invertible for each nonzero ideal I
of D. Then every nonzero element of D is contained in only finitely many maximal
∗-ideals.
Proof. Deny. By [19, Corollary 5], there exists a nonzero element z and an infinite
family (In)n≥1 of ∗-invertible proper ideals containing z which are mutually ∗-
comaximal (that is, (Im + In)
∗ = D for every m 6= n). For each nonempty set
Λ of natural numbers, consider the v-ideal IΛ = ∩n∈ΛIn (note that z ∈ IΛ). By
hypothesis, IΛ is ∗-invertible. We claim that IΛ 6= IΛ′ whenever Λ, Λ′ are distinct
nonempty sets of natural numbers. Deny. Then there exists a nonempty set of
natural numbers Γ and some k /∈ Γ such that Ik ⊇ IΓ. Consider the ideal H =
(I−1k IΓ)
∗ ⊇ IΓ. If n ∈ Γ, then In ⊇ IΓ = (IkH)∗, so In ⊇ H , because (In+Ik)∗ = D.
It follows that IΓ ⊇ H , so IΓ = H = (I
−1
k IΓ)
∗. Since IΓ is ∗-invertible, we get
Ik = D, a contradiction. Thus the claim is proved. But then it follows that
{IΛ | ∅ 6= Λ ⊆ N} is an uncountable set of ∗-invertible ideals. This leads to a
contradiction, because D being countable, it has countably many ∗-ideals of finite
type. 
Corollary 2.15. Let D be a countable domain and ∗ a finite character stable star
operation on D such that D is ∗-sharp. Then D is a ∗-Dedekind domain.
Proof. We may assume that D is not a field. By Proposition 2.3, D is a P∗MD.
Now Propositions 2.5 and 2.14 show that every nonzero element of D is contained
in only finitely many maximal ∗-ideals. Let M be a maximal ∗-ideal of D. By
Proposition 2.3, DM is a countable valuation domain with value group Z or R, so
DM is a DVR. Thus D is a ∗-Dedekind domain, cf. [21, Theorem 4.11]. 
3. t-sharp domains.
The t-operation is a very useful tool in multiplicative ideal theory. In this section
we give some results which are specific for the t-sharp domains.
Proposition 3.1. Let D be a t-sharp domain. Then D is a PVMD of t-dimension
≤ 1 and DM is a valuation domain with value group a complete subgroup of the
reals for each maximal t-ideal M of D.
Proof. Let I be finitely generated nonzero ideal of D. Then Iv = It, so Proposition
2.5 shows that It is t-invertible. Thus D is a PVMD. Let M be a maximal t-ideal
of D. By part (b) of Proposition 2.2, DM is a t-sharp valuation domain, so DM is
sharp since for valuation domains t = d. Now apply [2, Proposition 6]. 
Proposition 3.2. Let D be a domain. Then D is t-sharp if and only if D is
w-sharp.
Proof. If D is w-sharp, then D is t-sharp (cf. Proposition 2.2) because w ≤ t.
Conversely, assume that D is t-sharp. By Proposition 3.1, D is a PVMD. But in a
PVMD the w-operation coincides with the t-operation (cf. [28, Theorem 3.5]), so
D is also w-sharp. 
Combining Corollary 2.6 and Proposition 3.2, we get
Corollary 3.3. A domain D is a Krull domain if and only if D is a t-sharp TV
domain.
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Corollary 3.4. If D is a countable t-sharp domain, then D is a Krull domain.
Proof. Assume that D is a countable t-sharp domain. By Proposition 3.2, D is w-
sharp. Moreover the w-operation is stable and of finite character, cf. [6, Corollary
2.11]. By Corollary 2.15, D is a t-Dedekind domain, that is a Krull domain. 
By [34], a domain D is called a pre-Krull domain if Iv is t-invertible for each
nonzero ideal I of D (see also [30] where a pre-Krull domain is called a (t, v)-
Dedekind domain).
Proposition 3.5. A domain D is t-sharp if and only if
(a) D is pre-Krull, and
(b) for all nonzero ideals I,A,B of D such that Iv = D and I ⊇ AB, there exist
nonzero ideals H and J such that It = (HJ)t, Ht ⊇ A and Jt ⊇ B.
Proof. The implication (⇒) follows from Proposition 2.5. Conversely, assume that
(a) and b hold. Let I, A and B be nonzero ideals of D such that I ⊇ AB. Then
Iv ⊇ AvBv and Iv, Av, Bv are t-invertible ideals, cf. (a). Since D is a pre-Krull
domain, D is a PVMD and hence a t-Schreier domain cf. [20, Corollary 6]. So there
exist t-invertible ideals H and J such that Iv = (HJ)t, Ht ⊇ Av and Jt ⊇ Bv. We
have (II−1)t = (IH
−1J−1)t ⊇ (AH
−1)(BJ−1). Set M = (II−1)t and note that
AH−1 and BJ−1 are integral ideals. Since Iv is t-invertible, Mv = (IvI
−1)v = D.
By (b), there exist nonzero ideals N and P such that Mt = (NP )t, Nt ⊇ AH−1
and Pt ⊇ BJ−1. Summing up, we get It = (IvM)t = (HJNP )t = ((HN)(JP ))t,
(HN)t ⊇ (AHH−1)t = At and (JP )t ⊇ (BJJ−1)t = Bt. 
Lemma 3.6. If D is an integrally closed domain and I a nonzero ideal of D[X ]
such that Iv = D[X ], then I ∩D 6= 0.
Proof. Assume that I ∩D = 0. By [10, Theorem 2.1], there exist f ∈ D[X ]− {0}
and a ∈ D−{0} such that J := (a/f)I ⊆ D[X ] and J∩D 6= 0. We get (a/f)D[X ] =
(a/f)Iv ⊆ D[X ], hence a/f ∈ D[X ] and thus a/f ∈ D, because a ∈ D − {0}. We
get J ⊆ I which is a contradiction because J ∩D 6= 0 and I ∩D = 0. 
Proposition 3.7. A domain D is t-sharp if and only if D[X ] t-sharp.
Proof. (⇒). Set Ω = D[X ]. Let I,A,B be nonzero ideals of Ω such that I ⊇ AB.
By Proposition 3.5, D is pre-Krull, so D[X ] is pre-Krull, cf. [30, Theorem 3.3].
Applying Proposition 3.5 for Ω, we can assume that Iv = Ω. Changing A by I +A
and B by I +B, we may assume that A,B ⊇ I. By Lemma 3.6 we get I ∩D 6= 0,
so A ∩D 6= 0 and B ∩D 6= 0. By [10, Theorem 3.2], we have It = I ′tΩ, At = A
′
tΩ
and Bt = B
′
tΩ for some nonzero ideals I
′, A′ and B′ of D. From I ⊇ AB, we
get I ′tΩ = It ⊇ AtBt = (A
′
tB
′
t)Ω, hence I
′
t ⊇ A
′B′. As D is t-sharp, there exist
nonzero ideals H and J of D such that I ′t = (HJ)t, Ht ⊇ A
′ and Jt ⊇ B′. Hence
It = (HJΩ)t, (HΩ)t ⊇ A and (JΩ)t ⊇ B. (⇐). Let I,A,B be nonzero ideals of D
such that I ⊇ AB. As D[X ] t-sharp, there exist nonzero ideals H and J of Ω such
that (IΩ)t = (HJ)t, Ht ⊇ A and Jt ⊇ B. Since Ht ⊇ A and A 6= 0, we derive that
Ht ∩D 6= 0, hence Ht = (MΩ)t for some nonzero ideal M of D, cf. [10, Theorem
3.2]. Similarly, Jt = (NΩ)t for some nonzero ideal N of D. Combining the relations
above, we get It = (MN)t, Mt ⊇ A and Nt ⊇ B. 
Remark 3.8. Notice that we do not have a “d-analogue” of Proposition 3.7 because
a sharp domain has dimension ≤ 1 (see [2, Theorem 11]). But remark that we do
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have a “v-analogue” of Proposition 3.7. Indeed, a domain D is v-sharp if and only if
D is completely integrally closed (cf. Corollary 2.7) and D is completely integrally
closed if and only if so is D[X ]. Similarly, D is v-sharp if and only if the power
series ring D[[X ]] is v-sharp.
Denote by Nv the multiplicative set ofD[X ] consisting of all nonzero polynomials
a0+a1X+ · · ·+anXn such that (a0, a1, ..., an)v = D. The ring D[X ]Nv was studied
in [28].
Proposition 3.9. A domain D is t-sharp if and only if D[X ]Nv is sharp.
Proof. If D is t-sharp, then D is a PVMD, cf. Proposition 3.1. If D[X ]Nv is sharp,
then D[X ]Nv is a Prufer domain (cf. [2, Theorem 11]) hence D is a PVMD, cf.
[28, Theorem 3.7]. So we may assume from the beginning that D is a PVMD. Note
that the t-sharp property of D is in fact a property of the ordered monoid of all
integral t-ideals of D under the t-multiplication. Similarly, the sharp property of
D[X ]Nv is a property of the ordered monoid of all integral ideals of D under the
usual multiplication. Since D is a PVMD, these two monoids are isomorphic (cf.
[28, Theorem 3.14]), so the proof is complete. 
We end our paper with a (partial) power series analogue of Proposition 3.9. A
lemma is in order.
Lemma 3.10. Let D ⊆ E be a domain extension and every ideal of E is extended
from D. If D is sharp then E is also sharp.
Proof. Let I, A,B be nonzero ideals of D such that IE ⊇ ABE. Then C =
IE ∩ D ⊇ AB. As D is sharp, we have C = HJ with H, J ideals of D such that
H ⊇ A and J ⊇ B. We get IE = CE = HJE, HE ⊇ AE and J ⊇ BE. 
Let D be a t-sharp domain which is not a field. By Proposition 3.1, D is PVMD
with t-dimension one. Hence [9, Proposition 3.3] shows that c(fg)t = (c(f)c(g))t
(thus c(fg)v = (c(f)c(g))v) for every f, g ∈ D[[X ]] − {0}, where c(f) is the ideal
generated by the coefficients of f . Then N ′v = {f ∈ D[[X ]] − {0} | c(f)v = D} is
a multiplicative subset of the power series ring D[[X ]]. The fraction ring D[[X ]]N ′v
was studied in [9] and [30]. Note that D ⊆ D[X ]Nv ⊆ D[[X ]]N ′v , where Nv = {f ∈
D[X ]− {0} | c(f)v = D}.
Proposition 3.11. If D is a t-sharp domain, then D[[X ]]N ′v is sharp and every
ideal of D[[X ]]N ′v is extended from D.
Proof. We may assume that D is not a field. By Proposition 3.5, D is a pre-Krull
domain (alias (t, v)-Dedekind domain). As seen in the paragraph preceding this
proposition, c(fg)v = (c(f)c(g))v for every f, g ∈ D[[X ]] − {0}. By [30, Theorem
4.3] it follows that every ideal of D[[X ]]N ′v is extended from D, then, a fortiori,
from D[X ]Nv . By Proposition 3.9 it follows that D[X ]Nv is a sharp domain, hence
so is D[[X ]]N ′v , cf. Lemma 3.10. 
Corollary 3.12. Let D be a t-sharp domain. Then D[[X ]]N ′v is a faithfully flat
D[X ]Nv-module and the extension map I 7→ ID[[X ]]N ′v is a bijection from the set
of ideals of D[X ]Nv to the set of ideals of D[[X ]]N ′v .
Proof. Set E = D[X ]Nv and F = D[[X ]]N ′v . By the proof of Proposition 3.9 it
follows that E is a Prufer domain. Hence F is a flat E-module because over a
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Prufer domain every torsion-free module is flat. We show that every proper ideal
of E extends to a proper ideal of F . Let J be a proper nonzero ideal of E. By
[28, Theorem 3.14], J = IE for some ideal I of D such that It 6= D. Assume
that JF = F . Then IF = JF = F , so ID[[X ]] contains some power series f
with c(f)v = D. Write f = a1f1 + ... + anfn with ai ∈ I and fi ∈ D[[X ]]. Then
D = c(f)v ⊆ (a1, ..., an)v ⊆ It, so It = D, a contradiction. As F is a flat E-module
and every proper ideal of E extends to a proper ideal of F , it follows that F is a
faithfully flat E-module, cf. [12, Exercise 16, page 45]. In particular, HF ∩E = H
for each ideal H of E. By Proposition 3.11, every ideal of F is extended from D
and hence from E because D ⊆ E ⊆ F . Combining these two facts, it follows that
the extension map I 7→ IF is a bijection from the set of ideals of E to the set of
ideals of F . 
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